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Abstract

The problem of steady, laminar, hydromagnetic heat transfer by mixed convection over a continuously stretching surface with p
variation in the surface temperature or heat flux in the presence of internal heat generation/absorption effect is investigated. The su
velocity of the stretching surface was assumed to vary according to power-law. The surface is assumed to be permeable to allow f
fluid wall blowing or suction. The governing non-similar equations are obtained by introducing a suitable transformation and ar
numerically. The obtained results are checked against previously published work on special cases of the problem and are foun
excellent agreement. A parametric study is performed to illustrate the influence of the magnetic parameter, wall mass transfer coe
coefficients of space-dependent and temperature-dependent internalheat generation/absorption, and the buoyancy force parameters o
fluid velocity and temperature profiles. Numerical data for the local skin-friction coefficient and the local Nusselt number have been tabul
for various parametric conditions.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Boundary layer flow on continuous moving surfaces
an important type of flow occurring in a number of en
neering processes. Aerodynamic extrusion of plastic sh
cooling of an infinite metallic plate in a cooling path, whi
may be an electrolyte, crystal growing, the boundary la
along a liquid film in condensation processes and a p
mer sheet or filament extruded continuously from a die
along thread traveling between a feed roll and a wind-up ro
are examples of practical applications of continuous mov
surfaces. Glass blowing, continuous casting, and spinnin
of fibers also involve the flow due to a stretching surfa
In 1961, Sakiadis [1,2] initiated the study of the bound
layer flow over a continuous solid surface moving with co
stant speed. Due to the entrainment of ambient fluid,
boundary layer flow situation is quit different from the cla
sical Blasius problem of boundary flow over a semi-infin
flat plate. Erickson et al. [3] extended the work of Sakia
to account for mass transfer at the stretched sheet sur
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,

.

Tsou et al. [4] reported both analytical and experime
results for the flow and heat transfer aspects develope
a continuously moving surface. Soundalgekar and Ram
Murthy [5] investigated the constant surface velocity c
with a power-law temperature variation. There are sev
practical applications in which significant temperature d
ferences between the surface of the body and the am
fluid exist. These temperaturedifferences cause density gr
dients in the fluid medium and in the presence of grav
tional body force, free convection effects become import
A situation where both the forced-and free-convection
of comparable order is called mixed convection. The f
tion factor and heat transfer rate can be quite different un
mixed convection conditions relative forced convection ca
Karwe and Jaluria [6] showed that the thermal buoyancy
fects are more prominent when the plate moves vertic
Ingham [7] investigated the existence of the solution
the free convection boundary layer flow near a continuou
moving vertical plate with temperature inversely prop
tional to the distance up the plate. Mixed convection arise
many transport processes in natural and engineering de
(such as atmospheric boundary layer flow, heat exchan
solar collector, nuclear reactors, and electronic equipment
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Nomenclature

A,B,C prescribed constants
A∗ space-dependent internal heat generation/

absorption
B∗ temperature-dependent internal heat generation/

absorption
B0 magnetic induction
Cfx local friction coefficient
cp specific heat at constant pressure
f dimensionless stream function for the PST case
fw dimensionless suction/blowing parameter
F dimensionless stream function for the PHF case
C concentration
Cfx local skin friction coefficient
g acceleration due to gravity
h local heat transfer coefficient
Grx local Grashof number PST case
Gr∗x modified local Grashof number PHF case
k thermal conductivity
m heat flux exponent parameter
M magnetic parameter
n temperature exponent parameter
Nux local Nusselt number
p velocity exponent parameter
Pr Prandtl number
q ′′′ rate of internal heat generation or absorption
qw surface heat flux

Rex local Reynolds number
T fluid temperature
Tw wall temperature of the moving sheet
T∞ ambient temperature
u velocity of the fluid in thex-direction
uw velocity of the moving sheet
υ velocity of the fluid in they-direction
Vw surface mass fluxx- andy-directions,

respectively
x, y axial and normal coordinates

Greek symbols

α thermal diffusivity
β coefficient of thermal expansion
η dimensionless normal distance
θ dimensionless temperature for the PST case
µ dynamic viscosity
ν kinematic viscosity
ξ buoyancy force parameter for the PST case
ρ density
ζ buoyancy force parameter for the PHF case
τw local skin friction
φ dimensionless temperature for the PHF case
σ electric conductivity
ψ stream function
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Ali and Al-Yousef [8] have reported the problem of lamin
mixed convection adjacent to auniformly moving vertical
plate with suction or injection. Recently, Chen [9] trea
the mixed convection heat transfer from a vertical continu
ously stretching sheet. All the above investigations are
stricted to a continuous surface moving with constant ve
ity which is not adequate for many practical applicatio
Since the surface undergoes stretching and cooling or h
ing that cause surface velocity and temperature variati
Danberg et al. [10] investigated the non-similar solution
the flow in the boundary layer past a wall that is stretc
with a velocity proportional to the distance along the w
Vleggaar [11] studied the momentum and heat transfer
a continuous, accelerating surface by assuming linear
ation of surface velocity with respect to distance from
slot. Groubka and Bobba [12]analyzed the stretching p
lem for surface moving with a linear velocity and with va
able surface temperature. Ali [13] has reported flow and h
transfer characteristics on a stretched surface subject
power-law velocity and temperature distributions. The fl
field of a stretching wall with a power-law velocity variatio
was investigated by Banks [14]. Recently, Ali [15] and E
bashbeshy [16] extended Banks work for a porous stretc
surface for different values of the injection parameter.
the above investigations are restricted to hydrodynamic
-

and heat transfer problems. However, of late, hydromagn
flows and heat transfer have become more important in
cent years because of many important applications. Fo
ample, many metallurgical processes which involve coo
of continuous strips or filaments, these elements are dr
through a quiescent fluid. During this process, these s
are sometimes stretched. The properties of the final p
uct depend to a great extent on the rate of cooling. This
of cooling and therefore, the desired properties of the
product can be controlled by the use of electrically cond
ing fluids and the application of the magnetic fields [17]. T
use of magnetic fields has been also used in the proce
purification of molten metalsfrom non-metallic inclusions
Many works have been reported on flow and heat tran
of electrically conducting fluids over a stretched surface
the presence of magnetic field (see for instance, Chakra
and Gupta [18], Chiam [19] and Chandran et al. [20], S
has et al. [21]). In several practical applications, there
ist significant temperature differences between the surfa
and the ambient fluid. This necessitates the consideratio
temperature-dependent heat sources or sinks which ma
ert strong influence on the heat transfer characteristics (Va
jravelu and Nayfeh [22]). The study of heat generation
absorption effects is important in view of several physi
problems such fluids undergoing exothermic or endother
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chemical reactions (Vajraveluand Hadjinicalaou [23]). Al-
though, exact modeling of internal heat generation or
sorption is quite difficult, some simple mathematical mo
els can express its average behavior for most physical s
tions. Heat generation or absorption has been assumed
constant, space-dependent or temperature-dependent. Cr
peau and Clarksean [24] have used a space-depende
ponentially decaying heat generation or absorption in thei
work on flow and heat transfer from a vertical plate. Sub
et al. [25] studied the boundary layer flow and heat tra
fer of a visco-elastic fluid immersed in a porous medi
over a non-isothermal stretching sheet in the presenc
temperature-dependent heat source. Vajravelu and Had
calaou [17] have considered hydromagnetic convective
transfer from a stretching surface with uniform free stre
and in the presence of temperature-dependent heat g
ation or absorption. Recently, Abo-Eldahab and El Ge
[26] extended the work of Vajravelu and Hadjinicalaou [1
to include the radiation and variable viscosity effects. E
more recently, Abo-Eldahab [27] analyzed the problem
free convection heat transfer due to the simultaneous a
of buoyancy, radiation and transverse magnetic field near
isothermal stretching sheet in the presence of tempera
dependent heat generation or absorption. In the present
we have analyzed the mixed convection boundary layer
of an electrically conducting fluid over an inclined contin
ously stretching surface with power-law variation in the s
face temperature or heat flux in the presence of magnetic
ternal heat generation/absorption, and wall suction/blow
effects.

2. Analysis

Consider a steady, laminar, hydromagnetic heat tran
by mixed convection flow along a continuous stretch
semi-infinite sheet that is inclined from the vertical w
an acute angleγ and situated in an otherwise quiesce
ambient fluid at temperatureT∞. The surface is assumed
be permeable and moving with power-law velocity,uw(x) =
Cxp (whereC andp are constants). Thex-axis runs along
the continuous surface in the direction of motion with
slot as the origin and they-axis is measured normally from
the sheet to the fluid. A magnetic field of variable stren
is applied normal to the sheet in they-direction which
produces magnetic effect in thex-direction (see Fig. 1)
This is done in this way so as to allow suppression
convective flow in that direction. This is important in term
of controlling the quality of the product being stretch
(see [17]). Two conditions at the surface considered
the analysis are (I) prescribed surface temperature (P
Tw(x) − T∞ = Axn and (II) prescribed heat flux (PHF
qw(x) = Bxm. Here Tw(x) and qw(x) are, respectively
temperature and heat flux at the wall;T∞ is the temperature
at large distance from the surface.A andB are dimensiona
constants, andm andn are exponents. In addition, the flu
-
e

x-

f

r-

-

,

Fig. 1. Physical model and coordinates.

suction or blowing is imposed at the sheet surface in thy-
direction. The fluid is assumed to be Newtonian, electric
conducting, heat generating or absorbing and has a con
properties except the density in the buoyancy term of
momentum equation. The magnetic Reynolds numbe
the flow is taken to be small enough so that the indu
distortion of the applied magnetic field can be neglec
In addition, there is no applied electric field and the H
effect, Joule heating and viscous dissipation are all negle
in this work. With the usual boundary layer and Boussn
approximations the problem is governed by the follow
equations:

∂u

∂x
+ ∂v

∂y
= 0 (1)

u
∂u

∂x
+ v

∂u

∂y

= v
∂2u

∂y2 ± gβ(T − T∞) − σB2
0

ρ
u (2)

ρcp

(
u

∂T

∂x
+ v

∂T

∂y

)
= k

∂2T

∂y2
+ q ′′′ (3)

where u,v and T are the fluidx-component of velocity
y-component of velocity and the temperature, respectiv
ρ, ν,σ, k and cp are the fluid density, kinematic visco
ity, electrical conductivity, thermal conductivity, and speci
heat at constant pressure of the fluid, respectivelyβ,q ′′′, g
and B0 are the coefficient of thermal expansion, rate
internal heat generation (> 0) or absorption (< 0) coeffi-
cient, acceleration due gravity and magnetic induction,
spectively. The plus and minus signs that appear on the r
hand side of Eq. (2) pertain to assisting and opposing fl
respectively.

The internal heat generation or absorption termq ′′′ is
modeled according to the following equation:

q ′′′ =
(

kuw(x)

xν

)[
A∗(Tw − T∞)e−η + B∗(T − T∞)

]
(4)

whereA∗ and B∗ are coefficients of space-dependent a
temperature-dependent internal heat generation/absorp
respectively. In Eq. (4), the first term represents the de
dence of the internal heat generation or absorption on
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space coordinates while the latter term represents its de
dence on the temperature. Note that when bothA∗ > 0 and
B∗ > 0, this case corresponds to internal heat genera
while for bothA∗ < 0 andB∗ < 0, the case corresponds
internal heat absorption.

The boundary conditions suggested by the physics o
problem are:

uw(x) = Cxp, v = Vw, Tw(x) = T∞ + Axn or

−k(∂T /∂y) = qw(x) = Bxm aty = 0

u → 0, T → T∞ asy → ∞ (5)

whereVw is the surface mass flux. It should be noted t
positive values ofVw indicate fluid blowing at the shee
surface while negative values ofVw correspond to fluid
suction at the wall.

Case (I): Prescribed surface temperature (PST),
Tw(x) − T∞ = Axn

We introduce the dimensionless variables

η = (y/x)Re1/2
x

ξ = Grx cosγ /Re2
x

f (ξ, η) = ψ(x, y)/
(
νRe1/2

x

)
θ(ξ, η) = (T − T∞)/

[
Tw(x) − T∞

]
(6)

where Rex = uw(x)x/ν is the local Reynolds numbe
Grx = gβ[Tw(x) − T∞]x3/ν2 is the local Grashof numbe
andf (ξ, η) is the stream function satisfying the continu
equation withu = ∂ψ/∂y andv = −∂ψ/∂x. Eqs. (2) and (3)
under the transformation (6) reduce to

f ′′′ + 1

2
(p + 1)ff ′′ − pf ′2 ± ξθ − Mf ′

= (n − 2p + 1)ξ

(
f ′ ∂f ′

∂ξ
− f ′′ ∂f

∂ξ

)
(7)

θ ′′ + 1

2
(p + 1)Prf θ ′ − nPrf ′θ + +A∗e−η + B∗θ

= Pr(n − 2p + 1)ξ

(
f ′ ∂θ

∂ξ
− θ ′ ∂f

∂ξ

)
(8)

The primes indicate differentiation with respect toη,M =
σB2

0x/ρuw is the magnetic parameter andPr = ν/α is the
Prandtl number of the fluid.

The transformed boundary conditions are given by:

f ′(ξ,0) = 1, f (ξ,0) = [
2/(p + 1)

]
fw

θ(ξ,0) = 1, f ′(ξ,∞) = 0, θ(ξ,∞) = 0 (9)

where fw = −( xVw

ν
)Re−1/2

x is the dimensionless suctio
blowing parameter.

The local skin friction is given by:

τwx = µ
∂u

∂y

∣∣∣
y=0

= µuwRe1/2
x

x
f ′′(ξ,0) (10)

The local skin friction coefficientsCf x is defined as:
-Cf x = τwx

1/2ρu2
w(x)

= 2Re−1/2
x f ′′(ξ,0) or

Cf xRe1/2
x = 2f ′′(ξ,0) (11)

The local heat flux is given by

qw(x) = −k
∂T

∂y

∣∣∣
y=0

= −k[Tw(x) − T∞]Re1/2
x

x
θ ′(ξ,0) (12)

The local heat transfer coefficient may be written as follo

h(x) = qw(x)

[Tw(x) − T∞] = −kRe1/2
x

x
θ ′(ξ,0) (13)

The local Nusselt number is given by

Nux = xh(x)

k
= −Re1/2

x θ ′(ξ,0) or

NuxRe−1/2
x = −θ ′(ξ,0) (14)

Case (II): Prescribed heat flux (PHF),qw(x) = Bxm

For this case, the following non-similarity variables a
invoked

η = (y/x)Re1/2
x

ζ = Gr∗x cosγ /Re5/2
x

F (ζ, η) = ψ(x, y)/
(
νRe1/2

x

)
φ(ζ, η) = (T − T∞)Re1/2

x /
[
xqw(x)/k

]
(15)

whereGr∗x = gβqw(x)x4/kν2 is the modified local Grasho
number. Substitution of Eq. (15) into Eqs. (2)–(4) gives

F ′′′ + 1

2
(p + 1)FF ′′ − pF ′2 ± ζ θ − MF ′

= 1

2
(2m − 5p + 3)ζ

(
F ′ ∂F ′

∂ζ
− F ′′ ∂F

∂ζ

)
(16)

φ′′ + 1

2
(p + 1)Pr Fφ′ − 1

2
(2m − p + 1)Pr F ′φ

+ A∗e−η + B∗φ(ζ,0)

= 1

2
Pr(2m − 5p + 3)ζ

(
F ′ ∂φ

∂ζ
− φ′ ∂F

∂ζ

)
(17)

F ′(ζ,0) = 1, F (ζ,0) = [
2/(p + 1)

]
fw

φ′(ζ,0) = −1

F ′(ζ,∞) = 0, φ(ζ,∞) = 0 (18)

The local skin friction coefficientsCf x is defined as:

Cf xRe1/2
x = 2F ′′(ζ,0) (19)

The local Nusselt number for this case is given by

NuxRe−1/2
x = 1/φ(ζ,0) (20)
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Table 1
Comparison of the values ofNuxRe−1/2

x for various values ofPr with M = fw = A∗ = B∗ = p = n = 0

Pr Tsou et al. Soundagekar Jacobi Ali Present st
[4] and Murty [5] [28] [15]

0.7 0.3492 0.3508 0.3492 0.3476 0.3497589
1.0 0.4438 – 0.4438 0.4416 0.4437779

10.0 1.6804 1.6808 1.6790 1.6713 1.6802900

Table 2
Comparison of the values of−θ ′′(0) for various values ofPr with p = 1 andM = fw = A∗ = B∗ = n = 0

Pr fw Gupta and Grubka and Lashmishka Ali Present st
Gupta [29] Bubba [12] et al. [30] [15]

0.7 0 – – 0.45446 −0.45255 −0.454449
1.0 0 −0.5820 −0.5820 – −0.59988 −0.58201

10.0 0 – −2.3080 – −2.29589 −2.30801
1.0 −1.067 −0.1105 – – 0.10996 −0.11077

Table 3
Comparison ofNuxRe−1/2

x values with those of Ali for various values ofPr, fw,n andp with M = A∗ = B∗ = 0

Pr fw n p Ali [15] Present study

0.72 0.2 −1.0 −0.2 −0.5568877 −0.55542938860827
0.72 0.4 −1.0 −0.2 −1.912207 −0.18985462183429
0.72 0.2 1.0 −0.2 0.8794258 0.88185620374677
0.72 0.2 −1.0 1.0 0.1410325 0.14299964764059

1.0 0.2 −1.0 −0.2 −0.7518967 −0.74928605671757
1.0 0.4 −1.0 −0.2 −0.2119652 −0.21093000324587
1.0 0.2 1.0 −0.2 1.0834070 1.09122129536463
1.0 0.2 −1.0 1.0 0.1969407 0.20000141468394

3.0 0.2 −1.0 −0.2 −1.6422180 −1.61132473587556
3.0 0.4 −1.0 −0.2 0.0858079 0.09077213201068
3.0 0.2 1.0 −0.2 2.1327440 2.14937409233131
3.0 0.2 −1.0 1.0 0.5929329 0.60001883784485

10.0 0.2 −1.0 −0.2 −1.2264180 −1.19955664480529
10.0 0.4 −1.0 −0.2 2.5606010 2.58357768276728
10.0 0.2 1.0 −0.2 4.5640030 4.60514886103890
10.0 0.2 −1.0 1.0 1.9848080 1.99996133394711
nd-
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ated
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3. Results and discussion

The transformed Eqs. (7) and (8) subject to the bou
ary conditions (9) for PST case and Eqs. (16) and (17) w
the boundary conditions (18) for PHF case are approxim
by a system of non-linear ordinary differential equations
placing the derivatives with respect toξ (PST case) andζ
(PHF case) by two-point backward finite difference w
step size 0.01. These equations are integrated by fifth
der Runge–Kutta–Fehlberg scheme with a modified ver
of the Newton–Raphson shooting method. In order to ve
the accuracy of our present method, we have shown a c
parison of our results for the values ofNuxRe−1/2

x with those
reported by Tsou et al. [4], Soundagekar and Murthy
Jacobi [28] and Ali [15] for forced convection flow on
continuous iso-thermal sheet (n = 0) with uniform motion
(p = 0) (see Table 1). Also, Table 2 shows a compari
of the present results for the temperature gradient—θ ′′(0)

with those reported by Gupta and Gupta [29], Grubka
-

Bubba [12], Lashmishka et al. [30] and Ali [15] forp = 1
(linearly stretching surface),n = 0 (iso-thermal sheet) an
various values of Prandtl number and suction/blowing
rameter in the absence of magnetic field (M = 0), heat
source/sink (A∗ = B∗ = 0). Table 3 illustrates the compa
ison of NuxRe−1/2

x values with those of Ali [15] for var-
ious values ofPr, fw,n and p with M = A∗ = B∗ = 0.
Finally, direct comparisons with the numerical results
NuxRe−1/2

x reported earlier by Ali [15] and Elbashbeshy [1
corresponding to uniform and variable surface heat flux
listed in Table 4 for various values ofPr, fw,m andp with
M = A∗ = B∗ = 0. In all cases, the results are found to
in good agreement. Our numerical values ofCf xRe1/2

x and

NuxRe−1/2
x in PST and PHF cases are listed in Table 5 an

respectively.
The results of the numericalcomputations are displaye

in Figs. 2–11 for prescribed surface temperature (PST)
and in Figs. 12–21 for prescribed heat flux (PHF) for d
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01
3
50
9
23
4
9

74
0
75
8
90
5
5

47
3
72
6
32
7
3

Table 4
Comparison ofNuxRe−1/2

x values with those of Ali for various values ofPr, fw,n andp with M = A∗ = B∗ = 0

Pr fw m p Ali [15] Elbashbeshy [16] Present study

0.72 0.6 0.0 −0.2 0.8635 0.87280 0.863564085920
0.72 0.6 1.0 −0.2 – 1.2010 1.1892526908929
0.72 −0.2 0.0 −0.2 0.6259 0.63090 0.626123014987
0.72 −0.2 1.0 −0.2 – 1.0207 1.0136325278678
0.72 0.6 0.0 1.0 0.7623 0.77110 0.762185563912
0.72 0.6 1.0 1.0 – 1.053 1.0419242643457
0.72 0.6 −1.0 1.0 – 0.4385 0.4320132358684

1.0 0.6 0.0 −0.2 1.1184 1.11800 1.118351695618
1.0 0.6 1.0 −0.2 – 1.5022 1.5023291498310
1.0 −0.2 0.0 −0.2 0.7405 0.74090 0.740607004237
1.0 −0.2 1.0 −0.2 − 1.1942 1.1942014500598
1.0 0.6 0.0 1.0 1.0063 1.00600 1.006166855283
1.0 0.6 1.0 1.0 – 1.3437 1.3440307888605
1.0 0.6 −1.0 1.0 – 0.6 0.6000007821470

10.0 0.6 0.0 −0.2 7.2116 7.20330 7.210598168318
10.0 0.6 1.0 −0.2 – 8.1824 8.1898879174915
10.0 −0.2 0.0 −0.2 1.8884 1.88840 1.888454927794
10.0 −0.2 1.0 −0.2 – 3.2854 3.2857405270842
10.0 0.6 0.0 1.0 7.0923 7.09210 7.092070295239
10.0 0.6 1.0 1.0 – 8.0128 8.0175721052930
10.0 0.6 −1.0 1.0 – 5.9988 6.0000628059030

Table 5
Cf xRe1/2

x andNuxRe−1/2
x for various values ofM,fw,A∗ andB∗ with ξ = 0.5, p = 0.5, n = 0.5 (PST)

M fw A∗ B∗ ξ Cf xRe1/2
x NuxRe−1/2

x

0.5 0.0 0.01 0.01 0.5 −1.52500621244659 0.60907667978284
1.0 0.0 0.01 0.01 0.5 −1.99060471723572 0.56892547701583
1.5 0.0 0.01 0.01 0.5 −2.39032311386178 0.53584605508042

0.1 −0.2 0.01 0.01 0.5 −0.89961378857639 0.58270085517066
0.1 −0.1 0.01 0.01 0.5 −0.98645429521673 0.61471620029534
0.1 0.0 0.01 0.01 0.5 −1.07999032665349 0.64832271400903
0.1 0.2 0.01 0.01 0.5 −1.28740762653015 0.72035480589573
0.1 0.6 0.01 0.01 0.5 −1.78222806101549 0.88370856255241
0.1 1.0 0.01 0.01 0.5 −2.37289952315999 1.07166909278642

0.1 0.0 −0.5 0.01 0.5 −1.20173754272619 0.99805188775280
0.1 0.0 −0.2 0.01 0.5 −1.12927975447412 0.79591834435538
0.1 0.0 0.0 0.01 0.5 −1.08565781850009 0.66340836831748
0.1 0.0 0.5 0.01 0.5 −0.98477636040447 0.33714304813358
0.1 0.0 1.0 0.01 0.5 −0.89263996416234 0.01654318714547
0.1 0.0 1.5 0.01 0.5 −0.80659869699309 −0.29968623628381
0.1 0.0 2.0 0.01 0.5 −0.72522519460674 −0.61232091374630

0.1 0.0 0.01 −0.4 0.5 −1.17638885848853 0.93242239415524
0.1 0.0 0.01 −0.2 0.5 −1.13987737852436 0.81098530219547
0.1 0.0 0.01 0.0 0.5 −1.09116578937478 0.66542145912908
0.1 0.0 0.01 0.1 0.5 −1.03348475579231 0.55076047067905
0.1 0.0 0.01 0.2 0.5 −0.98021066553650 0.44728612403509

0.1 0.0 0.01 0.01 0.0 −1.663611983231295 0.57811274074708
0.1 0.0 0.01 0.01 0.1 −1.536445938408255 0.59796759423584
0.1 0.0 0.01 0.01 0.2 −1.416133896069302 0.61348749568023
0.1 0.0 0.01 0.01 0.3 −1.300620663157744 0.62656821632244
0.1 0.0 0.01 0.01 0.4 −1.188803048817354 0.63803179730044
0.1 0.0 0.01 0.01 0.5 −1.079990326653494 0.64832271400907
are
era-
tribution of the velocity and temperature fields. Results
obtained forPr = 0.7 (air), p = n = 0.5, m = 0 and var-
ious values of the magnetic field parameterM, coefficient
of space-dependent internal heat generation/absorptionA∗,
coefficient of temperature-dependent internal heat gen
tion/absorptionB∗, suction/blowing parameterfw and the
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79
29
17

74
35
85
08
79
43

98
03
06
55
75
79

21
94
34
29
44

68
80
89
17
84
84
Table 6
Cf xRe1/2

x andNuxRe−1/2
x for various values ofM,fw,A∗ andB∗ with ζ = 0.5, p = 0.5, m = 0 (PHF)

M fw A∗ B∗ ζ Cf xRe1/2
x NuxRe−1/2

x

0.5 0.0 0.01 0.01 0.5 −1.01050814455179 0.539938326916
1.0 0.0 0.01 0.01 0.5 −1.45262932811317 0.507908156290
1.5 0.0 0.01 0.01 0.5 −1.83522659995818 0.481677208820

0.1 −0.4 0.01 0.01 0.5 −0.02846292652197 0.449130786910
0.1 −0.2 0.01 0.01 0.5 −0.29484412589923 0.505418990076
0.1 0.0 0.01 0.01 0.5 −0.59305839107939 0.571375735632
0.1 0.2 0.01 0.01 0.5 −0.90531695236547 0.642651315938
0.1 0.6 0.01 0.01 0.5 −1.58760630529800 0.806641079742
0.1 1.0 0.01 0.01 0.5 −2.33073994376171 0.998737800660

0.1 0.0 −0.6 0.01 0.5 −1.18686896745145 0.989221615667
0.1 0.0 −0.3 0.01 0.5 −0.95922971474019 0.781404335812
0.1 0.0 0.0 0.01 0.5 −0.62682882021669 0.585938137480
0.1 0.0 0.3 0.01 0.5 −0.02751551113844 0.395706978569
0.1 0.0 0.5 0.01 0.5 0.57481724798404 0.291634714364
0.1 0.0 1.0 0.01 0.5 3.51723590558761 0.117293137073

0.1 0.0 0.01 −0.6 0.5 −1.15623838365404 0.971170380644
0.1 0.0 0.01 −0.3 0.5 −0.98864656863792 0.800163536992
0.1 0.0 0.01 0.0 0.5 −0.62682882085576 0.585938137389
0.1 0.0 0.01 0.3 0.5 0.57228278080601 0.303898413226
0.1 0.0 0.01 0.5 0.5 2.58980577378259 0.155737132466

0.1 0.0 0.01 0.01 0.0 −1.663611983231295 0.478832141176
0.1 0.0 0.01 0.01 0.1 −1.393579965200941 0.509586204265
0.1 0.0 0.01 0.01 0.2 −1.165596714893527 0.530273940369
0.1 0.0 0.01 0.01 0.3 −0.960595731300540 0.546381616853
0.1 0.0 0.01 0.01 0.4 −0.771070819453500 0.559786364725
0.1 0.0 0.01 0.01 0.5 −0.593058391079394 0.571375735632
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Fig. 2. Velocity profiles for various values ofM with A∗ = 0.01,B∗ = 0.01,
fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

buoyancy force parameters (ξ for the PST case andζ for
the PHF case). It is observed that these parameters a
the velocity and temperature fields. Figs. 2 and 3 presen
behavior of the velocityf ′ and temperatureθ profiles for
various values of the magnetic parameterM. The presence
of magnetic field in an electrically conducting fluid tends
produce a body force against the flow. This type of re
tive force tends to slow down the motion of the fluid in t
boundary layer which, in turn, reduces the rate of heat c
vection in the flow and this appears in increasing the fl
temperature. Also, the effects on the flow and thermal fie
become more so as the strength of the magnetic field
t

Fig. 3. Temperature profiles for various values ofM with A∗ = 0.01,
B∗ = 0.01,fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

creases as shown in Figs. 2 and 3. Table 5 shows tha
local Nusselt numberNuxRe−1/2

x and the local friction co-
efficient Cf xRe1/2

x are both decreased with increasing
values of magnetic parameterM.

The influence of the presence of spatial-dependent in
nal heat generation (A∗ > 0) or absorption (A∗ < 0) in the
boundary layer on the velocity and temperature fields
presented in Figs. 4 and 5, respectively. It is clear from th
figures that increasing the values ofA∗ produces increases
the velocity and temperature distributions of the fluid. T
is expected since the presence of heat source(A∗ > 0) in
the boundary layer generates energy which causes the
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Fig. 4. Velocity profiles for various values ofA∗ with M = 0.1, B∗ = 0.01,
fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

Fig. 5. Temperature profiles for various values ofA∗ with M = 0.1,
B∗ = 0.01,fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

Fig. 6. Velocity profiles for various values ofB∗ with M = 0.1, A∗ = 0.01,
fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

Fig. 7. Temperature profiles for various values ofB∗ with M = 0.1,
A∗ = 0.01,fw = 0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

Fig. 8. Velocity profiles for various values offw with M = 0.1, A∗ = 0.01,
p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.

Fig. 9. Temperature profiles for various values offw with M = 0.1,
B∗ = 0.01,p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7, PST case.
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perature of the fluid to increase. This increase in the t
perature produces an increase in the flow field due to
buoyancy effect. However, as the heat source effect get l
(A∗ = 2), a distinctive peak in the temperature profile occ
in the fluid adjacent to the wall. This means that the tem
ature of the fluid near the sheet higher than the sheet
perature and consequently, heatis expected to transfer to th
wall. On the contrary, heat sink (A∗ < 0) has the opposit
effect , namely cooling of the fluid, reducing the flow v
locity in the boundary layer as a result of the thermal bu
-

ancy effect which couples the flow and thermal proble
These behaviors are depicted in Figs. 4 and 5. Moreove
shown from Table 5, asA∗ increases, the local Nusselt num
ber decreases while the local friction coefficient increases
It is noted that the negative heat transfer rates are obta
for higher values ofA∗ (e.g., A∗ = 1.5 and 2). Negative
values ofNuxRe−1/2

x indicate that heat is transferred fro
the fluid to the moving surface as discussed before.
influence of the temperature-dependent internal heat ge
eration (B∗ > 0) or absorption (B∗ < 0) in the boundary
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Fig. 10. Velocity profiles for various values ofξ with M = 0.1, A∗ = 0.01,
B∗ = 0.01,fw = 0, p = 0.5, n = 0.5 andPr = 0.7, PST case.

Fig. 11. Temperature profiles for various values ofξ with M = 0.1,
A∗ = 0.01,B∗ = 0.01,fw = 0, p = 0.5, n = 0.5 andPr = 0.7, PST case.

Fig. 12. Velocity profiles for various values ofM with A∗ = 0.01,
B∗ = 0.01, fw = 0, m = 0.0, p = 0.5, n = 0.5, ξ = 0.5 andPr = 0.7,
PHF case.

layer on the flow and temperature fields is the same as
of spatial-dependent internal heat generation or absorp
Namely, forB∗ > 0 (heat source), the velocity and temp
ature of the fluid increase while they decrease forB∗ < 0
(heat sink).These behaviors are depicted in Figs. 6 an
Also, the local Nusselt numberNuxRe−1/2

x decreases while
the local friction coefficientCf xRe1/2

x increases due to a
increase in the temperature-dependent internal heat ge
tion/absorptionB∗.

Figs. 8 and 9 depict the influence of the suction/blow
parameterfw on the velocity and temperature profiles
t
.

.

-

Fig. 13. Temperature profiles for various values ofM with A∗ = 0.01,
B∗ = 0.01,fw = 0, m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

Fig. 14. Velocity profiles for various values ofA∗ with M = 0.1,B∗ = 0.01,
fw = 0, m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

Fig. 15. Temperature profiles for various values ofA∗ with M = 0.1,
B∗ = 0.01,fw = 0, m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

the boundary layer, respectively. It is known that impo
tion of the wall suction (fw > 0) have the tendency to re
duce both the momentum and thermal boundary layer th
ness. This causes reduction in both the velocity and tem
ature profiles. However, the exact opposite behavior is
duced by imposition of the wall fluid blowing or injectio
(fw < 0). These behaviors are obvious from Figs. 8 an
Further, the results in Table 4 indicate that the dimens
less heat transfer coefficientNuxRe−1/2

x increases markedl
with increasing suction and decreases with increasing in
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Fig. 16. Velocity profiles for various values ofB∗ with M = 0.1,A∗ = 0.01,
fw = 0, m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

Fig. 17. Temperature profiles for various values ofB∗ with M = 0.1,
A∗ = 0.01,fw = 0, m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

Fig. 18. Velocity profiles for various values offw with M = 0.1,A∗ = 0.01,
m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

jection. The dimensionless wall shear stressCf xRe1/2
x de-

creases with increasing suction and increases with increa
ing injection. Figs. 10 and 11 are aimed to explore the
fect of the buoyancy force parameterξ on the velocity and
temperature profiles. It is noticed that the velocity increase
while the temperature decreases as the buoyancy forc
rameterξ increases. Moreover, numerical results in Tabl
show that the local Nusselt numberNuxRe−1/2

x and the lo-
cal friction coefficientCfxRe1/2

x are both increased with in
-

Fig. 19. Temperature profiles for various values offw with M = 0.1,
A∗ = 0.01,m = 0.0, p = 0.5, ζ = 0.5 andPr = 0.7, PHF case.

Fig. 20. Velocity profiles for various values ofζ with M = 0.1, A∗ = 0.01,
B∗ = 0.01,fw = 0, p = 0.5, n = 0.5 andPr = 0.7, PHF case.

Fig. 21. Temperature profiles for various values ofζ with M = 0.1,
A∗ = 0.01,B∗ = 0.01,fw = 0, p = 0.5, n = 0.5 andPr = 0.7, PHF case.

creasingξ . This is due to the fact that positiveξ induces
a favorable pressure gradient that enhances the fluid
and heat transfer in the boundary layer. Figs. 12–21 are
graphical representation of the velocity and temperature
files in PHF case for the same physical parameters use
Figs. 2–11 in PST case. Effects of all parameters on
flow and thermal fields are noticed to be similar but w
markedly increased magnitudeas compared to the PST cas
From Figs. 14 and 16 it is clear that, there exist an ov
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shooting of the velocity over the moving speed of the p
for higher values ofA∗ andB∗ (e.g.,A∗ = 1 andB∗ = 0.5).
This velocity overshoot is due to the simultaneous effec
the internal heat generation and the heat flux which ind
more flow due to the buoyancy effect as discussed be
Furthermore, it is observed from Figs. 15 and 17 that
temperature of the sheet is greatly increased for higher
ues ofA∗ andB∗. Values ofCfxRe1/2

x andNuxRe−1/2
x in

PHF case forPr = 0.7, m = 0 andp = 0.5 and various val-
ues ofM,fw,A∗,B∗ andζ are listed in Table 6. Numerica
values indicate that bothCf xRe1/2

x andNuxRe−1/2
x increase

as the magnetic field parameterM and the buoyancy forc
parameterζ increase. From Tables 5 and 6 it is interesting
note that, for forced convection flow (ξ = 0 in PST case an
ζ = 0 in PHF case), the local friction coefficientCf xRe1/2

x

has the same value in both two cases. This result ca
verified from the momentum equations for these two ca
Eqs. (7) and (16), that they can be brought into the same
and subject to the same boundary conditions when b
ancy force is neglected. Also, it is found that the local fr
tion coefficientCf xRe1/2

x increases while the local Nusselt

numberNuxRe−1/2
x decreases with increasing any of the f

lowing: injection parameter (fw < 0), space-dependent he
source parameter (A∗ > 0) and temperature-dependent h
source parameter (B∗ > 0). On the other hand, local fric
tion coefficientCf xRe1/2

x decreases while the local Nusselt

numberNuxRe−1/2
x increases with increasing any of the fo

lowing: suction parameter (fw > 0), space-dependent he
source parameter (A∗ < 0) and temperature-dependent h
source parameter (B∗ < 0). The positive values ofCf xRe1/2

x

is due to the distinctive peak in the velocity profiles cau
by large values ofA∗ andB∗ as seen earlier from Figs. 1
and 16.

4. Conclusion

The problem of steady laminar, hydromagnetic h
transfer by mixed convection adjacent to an inclined, p
meable, continuously stretching sheet with power-law
face velocity in the presence of magnetic, heat gen
tion/absorption which is a function of both space and te
perature is investigated. The plate is maintained at presc
surface temperature (PST) or prescribed heat flux (PH
The governing equations for the flow are obtained by us
suitable transformation and are solved numerically. Num
ical results for the velocity and temperature profiles are
sented graphically for various parametric conditions. In
dition, Numerical data for the local skin-friction coefficie
and the local Nusselt number are tabulated for various va
of magnetic field parameter, coefficients of space-depen
and time-dependent internal heat generation/absorption
tion/blowing parameter and thebuoyancy force parameter
It is found in both PST and PHF cases that:
t
-

(1) The local friction coefficient and the local Nusse
number are depressed by risingM values, i.e., reduce
as magnetic field strength increases.

(2) The local Nusselt number decreases while the local fric
tion coefficient increases as both space-dependen
time-dependent internal heat generation coefficients
crease. The opposite impact was obtained as both sp
dependent and time-dependent internal heat absor
coefficients increase.

(3) Imposition of fluid wall suction increases the local Nu
selt number and decreases the local friction coefficient.
The opposite result was obtained as the fluid wall blo
ing was increased.

(4) The local friction coefficient and the local Nusse
number are increased with increasing the value of
buoyancy force parameter.
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